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Project background and description
In this project, we will investigate combinatorial, topological and dynamical properties of a new
class of metric space; shift spaces of substitutions on infinite alphabets.

The simplest non-trivial substitution is the Fibonacci substitution defined by the rule
0 7→ 01, 1 7→ 0. When iterated, one generates longer and longer words (and a limit word):

0 7→ 01 7→ 010 7→ 01001 7→ · · · 7→ 0100101001001010 · · · .

A generalisation of the Fibonacci substitution on a three letter alphabet is the Tribonacci
substitution 0 7→ 01, 1 7→ 02, 2 7→ 0, and a generalisation on an infinite alphabet is the Infibonacci
substitution i 7→ 0 (i+ 1), ∞ 7→ 0∞, which was first studied 20 years ago [1]. A typical question
that one asks is what is the frequency of each of the letters in the limit word. For example, using
some linear algebra, one can show that the 0s in the Fibonacci example have frequency 1/ϕ,
where ϕ ≈ 1.618 is the golden ratio, and in the Infibonacci example it has frequency 1/2. Other
questions include whether the limit word is periodic, if every subword that appears does so
infinitely often, or whether any cubes appear in the word (subwords u such that uuu also appears).

Even for as basic a question as determining letter-frequencies, no method is currently known for
substitutions on a general infinite alphabet, and we were only recently able to identify conditions
that imply the existence of letter-frequencies [2]. The key to that work was imposing a topological
condition on the substitution; namely a continuous substitution on a compact alphabet. Such
substitutions generate dynamical systems called self-induced systems [3]. In this setting,
techniques from topology, analysis and operator theory are extremely powerful.

In this project, we will restrict the alphabet even further to countable (compact) alphabets, and
develop a framework for studying the resulting limit words and dynamical systems. It is expected
that this setting allows for methods from even more varied areas of mathematics to be put to use,
including graph theory, combinatorial set theory, and combinatorics on words.
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